How To Do Physics

February 14, 2013

Let’s start with the canonical Newton’s 2nd Law problem:

1 Mass on an Inclined Plane

A block is sliding down a frictionless plane that is inclined an angle 6 to the
horizontal. Find the acceleration of the block.

N = mgcos (0)

z-direction:

Z Fr = Mmay

—mgsinf = ma,

ay = —gsinf (1)

This acceleration is manifestly constant, so if we wanted the velocity of the block
at some time ¢, we would use

v(t) = wvp+ agt
= vy — gtsinf



and if we wanted its position,

1
x(t) = mo+vot+ Eath

1
= x9+ vot — 3 (gsin )

However, let’s think a bit more carefully (i.e., mathematically) about what just
happened. First of all, Newton’s 2nd Law reads

iF_de

m- dt?
The fact that we write the second derivative of x of course implies that, in

general, x = x(t). Thus I can write Eq. 1 as

d%x .
ﬁ = —g sin 6 (2)

To find the velocity of the block, let’s assume it starts from rest at the point
shown in the diagram (where I put my origin), and has moved a distance Az =
T — xg after some amount of time ¢t. Integrating Eq. 2 with respect to ¢ gives

d2
/ﬁdt - —/gsmodt

d
v(t)zd—f = —gtsinf + vy

where v is our constant of integration.

However, we are told that the initial velocity is zero. This means
) m
v(t=0s) =v9 — (gsind) (0s) = 0—
5
which gives vg = 07; we thus interpret this integration constant to be the initial

velocity of the block.
And of course, a second integration gives

1
z(t) = xo + vot + iath
Applying the condition that £ = 0m when ¢ = Os gives

x(0) = zg — % (gsin) (0s)*> = Om



This integration constant xy = Om is thus seen to be the initial position, and so
our function z(¢), in this case, reads

x(t) = —% (gsin@)t?

Note carefully that a different set of initial conditions would result in a different
specific function.

1.1 Summary

What we have done, of course, is solve a second-order ODE (Eq. 2), got the
general solution which has two adjustable parameters (vy and (), then obtained
our specific solution (specific to the problem at hand) by requiring that the
general solution so obtained match the physical requirements of the problem—
i.e., we imposed our boundary conditions.

2 Mass on A Spring

Our next system is a block of mass m on a frictionless horizontal surface, at-
tached to a horizontal spring that is in turn attached to a perfectly rigid wall,
as shown in the diagram below:

This system will obey Hooke’s law:

F(z) = —kx (3)
Now, from Newton’s second law,
d2
F=ma= mﬁf (4)

Substituting this into Equation 3 and dividing both sides by m gives

d*x K
@ = m" )



This is an ordinary differential equation (ODE) for z = z(t); its solution is

x(t) = Asin <\/Zt> + Bcos <\/Zt> (6)

M —_ K
or, defining w = /%,

z(t) = Asin (wt) + B cos (wt) (7)

Applying initial/boundary conditions is the same here; we have two adjustable
parameters (A and B) whose values are determined by applying specific initial
position and initial velocity values. For example, let £(0) = x4, and v(0) = 0;
then

2(0) = Zmae = Asin[w(0)] + B cos|[w(0)]
B

Tmazx

This leaves A still undetermined; for that, we use the velocity function:

d

v(t) = ax(t)
v(t) = wAcos(wt) —wBsin (wt)
Hence
v(0) = 0=wAcosw(0)] — wBsin[w(0)]
0 = wA
A =0

and thus our specific solution is

2(t) = Tmaq cos (wt)

3 The Wave Equation

Suppose you have a very long string held taut by a tension 7' (Fig. 1).
In equilibrium it coincides with the z-axis, but if you shake it (thus providing
a restoring force), a wave y(z,t) will propagate down the string. I will state
without proof that the net transverse force on the piece of string shown is

0%y

4



x x+dx X

Figure 1: Tension on a vibrating string

If the mass per unit length is p, Newton’s second law gives

0%y
F=p(Az) e

Since F' is equal to both of these, they must be equal to each other:

T%Am = u(Ax) %
and therefore
Py _pdy
0x2 T Ot2
Notice that the quantity % has units of 7‘;—1, which is the inverse of the units of

velocity squared. Thus, we interpret its inverse, \/% to be the velocity of the
wave as it moves down the string:

0? 102

gy _ -~ 29 (8)

ox? w2 Ot?
This equation is called the wave equation. It is a partial differential equation
that describes the space and time behavior of the wave as it propagates down
the string. It turns out that this same equation can be derived for any system
that undergoes simple harmonic motion.

4 Fundamental Starting Point

A crucial idea in all of these examples is the role played by Newton’s 2nd Law.
It is the starting point of every problem, because we make it a postulate that the



force, and the acceleration it causes, are related in this way; that the acceleration
is linearly proportional to the force, inversely proportional to the mass, and that
Newton’s 2nd Law is a second-order ODE whose solution x(¢)-in every case-has
a physical interpretation (the position of the object).

It is also worth pointing out that the function x(t) predicts where the particle
will be (with, be it noted, 100% certainty); but to have confidence in the validity
of N2L, you have to check it—you have to actually go into the lab and make a
measurement of the object’s position.

4.1 A Reminder

Recall that a (conservative) force! is related to a potential energy function by

ﬁ__ alA _|_37VA _|_87VA
- 833696 aye@’ zez

or simply

where V =V (z,y, 2). And of course, F' and V can be expressed in cylindrical
or spherical coordinates, if desired. Thus, Newton’s 2nd Law reads

F = ma
1 -
—F = a
m
d*7
-—VV = —
m dt?

LAnd conservative forces are the only kind we deal with in quantum mechanics.



