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POTENTIAL ENERGY DIAGRAMS &
PROBABILITY DENSITY

Classical ideas that are useful in quantum mechanics

Motivation
Teaching PHYS 225 (Quantum Physics) this quarter
Student understanding of these topics was focus of my dissertation
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Topics for colloquium Slide 2

Diagram | want my PHYS 225
students to understand  j

A
Classical Classical @uantlm
potential energy probability mechanics /\
diagrams density Es /\ /\\ /
V,
N U J VY \/ °
Y Y
What are they? How can our classical — X
How should we think of them? knowledge help us? 0 L/2 L

What is difficult about learnlng them? FIGURE 5.27 An energy eigenstate of the asymmetric square well.
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Topics for colloquium Slide 3

Diagram | want my PHYS 225
students to understand  j

A
Classical Classical ST
potential energy probability :
. . mechanics /\ /\
diagrams density E, ' /
Vi
N\ J Y, VARV, \/ °
Y Y
What are ti.wey? 5 How can our classical o
How should we think of them? knowledge help us? 0 L/2 L

. - . >
Whatis difficult about learni ng them? FIGURE 5.27 An energy eigenstate of the asymmetric square well.
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A question we’ll come back to Slide 4

17 ]
i ] /[ Think about. Will revisit. |
0.8 7 When the particle is at 0.4 m, which \
g R . best describes its motion?
72] B _
~ | _
é 0.6 R .  Speeding up
8 i | * Slowing down
a 04+ E * Either speeding up or slowing down
7 I | K Constant speed /
0.2 ]
0 I 1 1 1 I 1 1 1 | 1 | I 1 1 1 | 1 1 1
0 0.2 0.4 0.6 0.8 1

position (m)
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What are potential energy diagrams? (PEDSs) Slide 5

k
AW | B U = Lka?
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Actual total energy
(constant) often graphed

AN T T 2N | | |

1.75 PEDs give PE if particle were /7 L75F )

1.5F \ 7 located atindicated position / - 1.5+ E.=K+ U/
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How to think of PEDs classically Slide 6

i B

Egw=K+UJ 7 )
How to think of PEDs

U = E at turnaround points

Particle moves back and forth

W—‘K _ (') between turnaround points

not possible
| Classical particle can’t be located
2 where U> E
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How to think of PEDs classically ‘ K Slide 7

Forbidden Allowed Forbiglden | o
region region region Forbidden Allowed orbiaaen

region region region
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How to think of PEDs classically

Slide 8

Can also get information about force

Math/Physics Colloquit

Stretch
r>0:F,<0

Compress
r<0:F,>0

Conservative force points downhill

on PED
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How to think of PEDs classically Slide 9

=D U=mgy = 5|

O E'q

Eﬁ 10 K=0

2 (rebound from K=0

[ ground) (release & _
i turnaround point)  _|

Treat ground as ” o o L o
stiff spring 0 ) 4 6 8 10
Position
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9) |
1.75 | /[ Posed to students ]
15F\ U B When the particle is at 1.0 cm, which best )
— 1.25¢ . describes its motion?
=
g 1 » Speeding up
= (0.75+ . * Slowing down
0.5 » Either speeding up or slowing down
D[ B} e Constant speed
0.25 B — K /
—2 2
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/[ Posed to students ]
When the particle isat 1.0 cm, which best \

describes its motion?

Speeding up

* | Either speeding up or slowing down

K. onstant speea /

Horizontal axis does not represent time.
Can be movingin +x or —x direction.

Math/Physics Colloquium

Spring 2025



A question we’ll come back to Slide 12

1T
Revisiting... |
0.8 ’ \
When the particle is at 0.4 m, which best

) describes its motion?
= 0.6
:g I « Speeding up
o 0.4 I  Slowing down
S * Either speeding up or slowing down

K. Constant speed /

-
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O_..I..I...I...I..
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position (m)
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A question we’ll come back to Slide 13

1T
Revisiting... |
0.8 g \
When the particle is at 0.4 m, which best
o describes its motion?
~
= 0.6
; I « Speeding up
8 0.4 i  Slowing down
S * | Either speeding up or slowing down
I . onstant speea
O I 1 | l | | | 1 | | I | | 1 | | 1
0 0.2 0.4 0.6 0.8 |

position (m)
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Slide 14

What are common ways that
learners of physics interpret PEDs?
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How learners of physics interpret PEDs Slide 15

. Interpret horizontal axis as time
Particle released from restat x = 2

“At x = 3.75, U increasing so K decreasing.”

st | \ 4
_ K\ /7>/\ " E, Overgeneralizing minimization of PE
i )L \ ] "At x=3.75, object moving in —x dir, always
gﬁ 10 F toward lower PE. So KE increasing."
;_4 -
= i Oscrzllllates | lgnoring potential barriers (Tunneling?)
N B ere NS
ol _ “Kmax is 13 J—5J=8 )"
O ) 1 | | i | 1 1 i 1 | 1 | | 1 1 1 1 ] Assuming Kmax= Etot
0 2 4 6 8 10 “Kmax is 13 J since that’s the total E”

Position '

Assuming K., = U, o«

“Kmax is 15 J since that’s the most PE”
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Another manifestation of horizontal axis as time...

Slide 16

o

p-‘-"‘-"’ B
.

Xmax

Graph shape is consistent with time,
but horiz axis has position-like labels.
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Aside: Some neat applications of PEDs Slide 17

Cartoon model of solid

Potential energy

L

Atomic
" separation

Average distance
increases

Increasing thermal

energy Kim, Heetae. (2023). RF SUPERCONDUCTING CAVITY AND

ZERO-TEMPERATURE PHYSICAL PHENOMENA.
10.18429/JACoW-IPAC-23-WEPA167.

Higgs mechanism l
Spontaneous symmetry breaki

™)

is asymmetry in the interatomic 1\
potential energy.

Symmetric case
> Thermal expansion tells us there :\If . ]

https://en.wikipedia.org/wiki/File:Spontaneous_symmetry_breaking_(explanatory_diagram).png
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Slide 18

Classical Classical ST
potential energy probability :
) . mechanics
diagrams density
_ J J
Y Y
What are they?

How can our classical

How should we think of them? knowledge help us?

What is difficult about learning them?
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How to think of probability density

Slide 19

A classical object moves back & forth
without dissipative forces. It never
leaves the surface of the track and
bounces elastically with the walls.

While oscillating, the position of the
ballis measured at a random time.

For the sake of argument:

Suppose the times spent in the two
regions are 6 s (upper) and 4 s (lower).
6 s
P, = ——— = 60%
SRR 65 4+ 4s

If length of upper regionis 4 m...

s T nvin rself: :..probability of.fino.ling the ball
I probabilities of finding the ball
&>’3 107 in the upper & lower levels. 15% per 1 m
2 (Can’t compare times spent in
B s\ regions.) 15 % /m is called the probability density p
? ap
L x E _
o——— Lo A S I S p( ) dCU

0 2 4 6 8 10
Position [m]

Probability per unit length
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How to think of probability density

Slide 20
= Probability density
=, 0.20 [ T .
> Probability
L v
\ 2.0.10 N .
A —— = 6 8 10
i PED Position [m]
> 101 dP b
0 1 =
L%s‘ plz) = dz Pla <z <b) = / p(z)dx
a
5 Probability per unit length
. ~
P /p(aj)dle
0 2 4 6 8 10 -0

Position [m]

Normalization condition
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How to think of probability density

Slide 21

Can’t generally compare probabilities Pin each region
(without explicit speed or time info)
— . " dP
But we can compare probability densities p p(x) = —
® dx
\ Upper region:
Slower in each unit length
- More time in each unit length
N — —> Greater prob in each unit length
ol PED T | g ., ropepliydensiy
2 10 z
S =
= | O |
Lu — 2 0.1 O 777777777777777777777777777777777777777777777777777777777777777777 |
sp——————— | £
I e
I S
() —— P R P 8 I PR I
o 2 4 6 8 10 =0 2 4 6 8 10

Position [m] Position [m]
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How to think of probability density

Slide 22

Can’t generally compare probabilities Pin each region
(without explicit speed or time info)

dP
- But we can compare probability densities p p(x) = d—
[ ) X

\ Upper region:
Slower in each unit length
- More time in each unit length

—> Greater prob in each unit length

' — Probability density
I ) = ‘
I PED E, 0.20 LT """"""""""""""""""""""""""""""""""" .
2 10 z
= ) 00T — .
=
- 2
0 N 1 P T 11 o | I
0 2 4 6 8 10 S 2 4 6 g 10

Position [m] Position [m]
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What are common ways that learners of physics
think about probability & probability density?
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How we probed student understanding...

Slide 24

Ball moves back and forth in
frictionless track.

Position is measured at a random time.

Upper
o Lower

\
— L——A—L—

* Rank probabilities in regions
* Rank probability densities

Ball moves back and forth in
frictionless track.

Ball returns to same

height after each bounce. %

OU

Position is measured at
a random time.

* Rank probabilities in regions
* Rank probability densities

=)

fa
I
Ie

at centers of regions

5

Ball returns to same

height after each bounce. % =0

Picture taken at random time
e B — il
3 ]

A

P . c— — —— ——

* Rank probabilities in A and B.
» Write expression for probability
in region A.

Position is measured at a random time. L --0--
Position is measured at Woper
a random time } o PE
Upper T R S Rank the probabilities of /
finding the center of the object
exactly at points F and G. If
» Rank probabilities in regions Lower| | ¢ither probability is zero, state
* Rank probabilities in regions * Rank probability densities so explicitly.
* Rank probability densities at centers of regions X
Math/Physics Colloquium Spring 2025



How learners of physics think about probability / probability density. Slide 25

Ball moves back and forth in
frictionless track.

Position is measured at a random time.

™| Upper
‘ pp Lower

Picture taken at random time

f— L, —k L,—
A

|

Probability Probability density

Rank only by size Not distinguishing between P and p

“Upperregion is smaller, so less chance to
catch objectthere.”

“Greater size means greater chance.”

A 4 A 4

“We divide by length to get density,
so greater density in smaller regions”

A 4

“Moves slower in upper region, so more
time, so greater chances of seeing object”

A 4

Ability in mass or charge context
does not imply ability in probability

Competing effects cancel out

“Upper region is smaller but object moves context
slower. Probabilities must be the same.”
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How learners of physics think about probability / probability density.

Probability Probability density

Ball moves back and forth in

frictionless track.
Position is measured at a random time. Rank Onl‘y by S NEBE [EEREUSNIRE S IEen (el 2

“Upperregion is smaller, so less chance to “Greater size means greater chance.”

™| Upper
, Lower catch object there”
Rank only by speed Rank by inverse size
Picture taken at random time “Moves slower in upper region, so more “We divide by length to get density,

L, — e time, so greater chances of seeing object” so greater density in smaller regions”

b !
| A ! B
i [
: [
l I
: | .
- Competing effects cancel out Ability in mass or charge context
does not imply ability in probability
“Upperregion is smaller but object moves context
slower. Probabilities must be the same.”
Spring 2025
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Aside: Classical probability densities is real life Slide 27

Risk Corridor for 2024 YR4

\ \Low
Uncertainty

|
|

Uncertainty

Object:

Dist Earth AU:

Dist Sun AU:

UTC: 2026-03-22 T 16:25




Slide 28

Classical Classical

potential energy probability Quantum
: : mechanics
diagrams density
- J L J
Y Y

What are they?
How should we think of them?
What is difficult about learning them?

How can our classical
knowledge help us?
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Quantum mechanics: Classical ideas can help us!! Slide 29

. . Draw same PED for classical & QM
QM energy eigenvalue equation U Classical probability density

(Time-independent Schrodinger eqn) | ,
h* d?
o da2 (2) = (Bror — U()) ¢(z) c\ov oo/ ]

v

Classical KE
Given E,,,and U(x), eqn can be solved
to determine wave function y(x)

L

1 Il | 1 L 1 1 g 6?‘ | 1 L l Il L 1

Mathematical consequences (won’t prove): X

e Classically allowed = v is ‘wavy’ (sinusoidal or sinusoidal-like)
Classically Fast = w has short wavelength and low amplitude

e Classically forbidden = i is exponential or exponential-like

\
lrypl2 ||

4 ..
Connection of i to reality: Correspondence principle:
Probability density p(7) = |1 (x)|* At high enough energies, the U

[spatially averaged] quantum &

So phas similar behavior to i classical plook similar

\ ) X=-A x=+A
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Let’s see if we can do it... Slide 30

Diagram | want my PHYS 225
students to understand

A A Classically, in the right region:

Prob density is higher (because moves more slowly)

Horiz axis AA Classical prob density
for ¢ =>E Al [ v,
oo | \/
()
Horiz T = —> X Thus, quantum mechanically, in the right region:
for PED 0 L/2 L

Wave function has larger amplitude & longer wavelength
FIGURE 5.27 An energy eigenstate of the asymmetric square well.

,0(516) — W(@\Q has similar behavior

Probability density has larger amplitude & longer wavelength
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Fun at home tonight!

Vix)

PED

=V

Bored at home tonight?
What would classical probability density look like?
What would quantum probability density look like?
How are they similar? Different?

31



That’s it!




“Solutions”

Or close enough to them...

PED / E-

|
I
|
|
|

: b

| X
a Decreasing wavelength :

Wave functio®  Short tail ,\v /\\//\ : Long tail
\./ : Square this to get probability density for QM
-‘_

Decreasing amplitude

- sity
. cal prov ability de J
Class!
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