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The comparing the size of sets

”Analysts measure things. Algebraists count things”.
Measuring the size of [0,1] is obvious. Counting [0,1] is not.
Let us be (temporarily) algebraists.

In 1873 Cantor proposed that two sets have the same size
when their elements can be paired in a direct way, much like
boys and girls should be paired at a middle school dance.

Explicitly: A(boys) and B(girls) have the same cardinality
when there exists a function from A to B which is onto and
one-to-one .

f is onto when every member of B is the value of f(x) for
some x in A.

f is one-to-one when distinct inputs from A give distinct
values in B. That is, f(x)=f(y) only when x=y.

Such a function is said to establish a one-to-one
correspondence between the elements of A and B.
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Examples

Example 1: let A = [0, 1, 2, 3, . . . ] and N = [1, 2, 3, . . . ]. The
function f(x)=x+1 from A to N shows that card(A)=card(N).
The function f mechanizes a shift operation, a method we
can/will use repeatedly.

When a set has the same cardinality as N we call the set
countable or denumerable. A set is countable when its
elements can be discretely listed.

Example 2: N and Z have the same cardinality. To list Z we
write it as 0,−1, 1,−2, 2,−3, 3, . . .

An explicit mapping function from Z to N is:

f (x) =

{
1 + 2x if x ≥ 0

−2x if x < 0
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Example

Example 3: let A = [0,1] and B = [0,1). They differ by just
one point, so they should have the same cardinality. Finding
the 1-1 function is not entirely obvious.

To send A to B in a 1-1 way we use the shift operator on a
particular subset of A, and use the identity function on the
rest of A. Specifically, define

f (x) =

{
1/(n + 1) if x = 1/n

x else
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Example

Example 4: let A be the solid unit ball in R3 and let B be A
with the center point removed. We could imitate the method
of Example 3 by taking a ray from the center to the surface
sphere, using the shift technique on it to remove the single
endpoint, and sending everything else to itself.

Here is a slightly different method. Construct a small circle in
the xy-plane that passes through the origin. Let ρ rotate that
circle by 1 radian. Because π is irrational, the origin will travel
through a sequence of non-repeating points.

Define our 1-1 function act as rotation by ρ on that set of
points, and as the identity everywhere else. The origin
disappears.
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N versus Q

Theorem: card(N) = card(Q)

We will prove the slightly simpler statement using the positive
rationals.

Proof: We need to systematically list all the positive rationals.
Note that we can first order these rationals via the sum of
their numerators and denominators. Thus there are none
whose sum is 1, one whose sum is 2, 2 whose sum is 3, and
generally n whose sum is n+1.

Within each sum, order from 1/n to n/1, with the numerator
increasing and the denominator decreasing. Thus, the
sequence begins: 1/1; 1/2, 2/1; 1/3, 2/2, 3/1; 1/4, 2/3, 3/2,
4/1; 1/5, . . .

Steve Ziskind Basics of Countability



N versus Q

Theorem: card(N) = card(Q)

We will prove the slightly simpler statement using the positive
rationals.

Proof: We need to systematically list all the positive rationals.
Note that we can first order these rationals via the sum of
their numerators and denominators. Thus there are none
whose sum is 1, one whose sum is 2, 2 whose sum is 3, and
generally n whose sum is n+1.

Within each sum, order from 1/n to n/1, with the numerator
increasing and the denominator decreasing. Thus, the
sequence begins: 1/1; 1/2, 2/1; 1/3, 2/2, 3/1; 1/4, 2/3, 3/2,
4/1; 1/5, . . .

Steve Ziskind Basics of Countability



N versus Q

Theorem: card(N) = card(Q)

We will prove the slightly simpler statement using the positive
rationals.

Proof: We need to systematically list all the positive rationals.
Note that we can first order these rationals via the sum of
their numerators and denominators. Thus there are none
whose sum is 1, one whose sum is 2, 2 whose sum is 3, and
generally n whose sum is n+1.

Within each sum, order from 1/n to n/1, with the numerator
increasing and the denominator decreasing. Thus, the
sequence begins: 1/1; 1/2, 2/1; 1/3, 2/2, 3/1; 1/4, 2/3, 3/2,
4/1; 1/5, . . .

Steve Ziskind Basics of Countability



N versus Q

Theorem: card(N) = card(Q)

We will prove the slightly simpler statement using the positive
rationals.

Proof: We need to systematically list all the positive rationals.
Note that we can first order these rationals via the sum of
their numerators and denominators. Thus there are none
whose sum is 1, one whose sum is 2, 2 whose sum is 3, and
generally n whose sum is n+1.

Within each sum, order from 1/n to n/1, with the numerator
increasing and the denominator decreasing. Thus, the
sequence begins: 1/1; 1/2, 2/1; 1/3, 2/2, 3/1; 1/4, 2/3, 3/2,
4/1; 1/5, . . .

Steve Ziskind Basics of Countability



N versus Q
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N versus Q

Our listing of fractions contains duplicates: 1/1 = 2/2 = 3/3
etc.

It is straightforward (though tedious) to remove duplicates.
They are the ones that can be reduced. Once this is done, the
list begins: 1/1; 1/2, 2/1; 1/3, 3/1; 1/4, 2/3, 3/2, 4/1; 1/5,
5/1; . . . Now we have our desired 1-1 matching of the
members of N with the positive members of Q. QED

The idea behind this array shows that: A countable union of
countable/finite sets is countable.
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N versus R

Theorem: card(N) 6= card(R)

Cantor showed that any supposed listing of the reals must be
incomplete. The method is called Cantor’s Diagonal
Argument.

Proof: Suppose that a list of the reals between 0 and 1 could
be made: {x1, x2, x3, . . . }
Each x can be expressed as an infinite decimal:
x1 = 0.x11x12x13x14 . . .
x2 = 0.x21x22x23x24 . . .
x3 = 0.x31x32x33x34 . . .
. . .

Choose a sequence of digits: a1 6= x11, a2 6= x22, a3 6= x33 . . .
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N versus R

Define the number a = 0.a1a2a3 . . .

The number a differs from x1 in the first decimal place, it
differs from x2 in the second decimal place, etc. It differs from
each of them, so it isn’t on the original list

This means that the list cannot have been complete. No list
can be complete. QED

Because Q and R have different cardinalities, they cannot be
the same set. This proves the existence of irrational numbers.
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Example

Example 5: Because Q is countable, and R is uncountable, it
is ”obvious” that the set of irrationals (I) has the same
cardinality as R. Obvious is not the same as true. We need a
1-to-1 f : R→ I.

Let λ be your favorite irrational number. Consider the sets

Q,Q + λ,Q + 2λ,Q + 3λ, . . .

The irrationality of λ guarantees that these sets are pairwise
disjoint.

Define their union as A =
⋃∞

k=0(Q + kλ). A is countable,
being the countable union of countable sets, and
A + λ = A \Q.

Now define f : R→ I as

f (x) =

{
x + λ if x ∈ A

x else
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